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LETTER TO THE EDITOR
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Abstract. The susceptibility of the Ising S = 1 model with biquadratic interactions is
expanded in a high temperature series on the Fcc lattice for a range of the biquadratic
interaction parameter that includes the Potts model. A tricritical point and a point
above which the magnetization M remains zero are approximately located. The Potts
model seems to fall in the region of the first-order phase transition in M.

The nature of the phase transition of the Potts model has been under discussion
recently. Mean field theory predicts a first-order phase transition as does the work of
Golner (1973) in three dimensions using the Wilson approximate recursion formula.
The latter calculation imposes » = 0 which could be inapplicable to this model.
Straley and Fisher (1973) find a second-order phase transition for the two-dimensional
case.

The Potts model is a three-component model (Potts 1952) where the energy of
interacting nearest neighbours on the lattice is ¢, when they are of the same species,
and ; when they belong to different species.

An Ising spin 1 model with biquadratic interactions has been investigated by mean
field theory by Rys (1969), Oran (1972), Chen and Levy (1973) and Blume and Hsieh
(1969). This model has the following hamiltonian:

H = —J 2 Sziszj_‘]Q Z (Szi2_%)(S212'—%)_hz Szi_lz (Sziz_%)'
44> (¥ i i
M

The Potts model can be represented by the following hamiltonian:

# = Gt Be—a)l( 3 SuSit3 3 (S.2-DS-b)
<is> 7> 2)
where the three species are S, = 1, 0, —1 so (1) in zero fields # = { = 0 with j® = 3J
is the Potts hamiltonian.

The order parameters are M = Z,S,; and Q = 3Z,(S,,°~$%). Oran (1972) and
Chen and Levy (1973) find that MFT predicts a second-order phase transition for
0 <J9J < 4, a first-order phase transition for § <J?/J <3 for both M and Q
making J9 = §J a tricritical point, and for J9/J > 3 M = 0 and Q has a first-order
phase transition. Clearly these points of changes will vary with dimensionality. If
we may assume that MFT gives the results for d = 4, Fisher and Straley’s result puts
the tricritical point in d = 2 at J9/J > 3. In d = 3 we may expect the tricritical point
to be between the values for d = 2 and d = 4 and its location will determine if the
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Potts model with J® = 3J has a second- or first-order transition. This we attempt to
do here.

High temperature series expansions were calculated for the initial magnetic suscep-
tibility with the hamiltonian (3) using methods explained by Oitmaa (1971):

H=J Z SzlSzj_JQ Z Sztzszjz—:“' Z Sziz- (3)
<> <ify i
The susceptibility is expressed as

kTy =1+ z M, ()XY
s,d=0
s+d#0

where M, ;(7) are polynomials in = (see appendix) and

X = exp(J9/kT)sinh(J/kT)

Y = exp(J9/kT)cosh(J/kT) -1

T = 2 exp(u/kT)/[2exp(u/kT)+1].
For the model in equation (1) p = —2¢J? where ¢ is the coordination number. For a
series of fixed values of J9/J we obtained x as a series in K = J/kT and analysed it by

standard techniques. As the ratio J9/J increases we see the critical temperature as
estimated from the series first rises gradually then drops gradually and then drops very

Figure 1. Plot of y and kT7,/J against J?/J. The curve with the minimum is y.

quickly to zero. The last rapid drop we identify with the magnetization remaining
identically zero at all temperatures and only Q ordering. The point at which the
critical temperature turns from increasing to decreasing with increased biquadratic
interaction indicating an onset of instability we identify as the tricritical point with
some hesitation.

There are two arguments for this identification. Firstly, the tricritical point in
MFT is also the turning point for T, from constant to decreasing. Secondly, the value
we estimate for y in a region near that point is very close to 1, and y = 1 is what one
would expect to find near a tricritical point. But this applies to 15 < J/J < 3-2.
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Our estimates are that the tricritical point is at J9/J = 2-63+0-05 and for J9/J
greater than 3-8 + 0-2 the magnetization M remains zero at all temperatures. Constant
y over —2 < J9/J < 1 is consistent with our results.

Work on the other susceptibility, namely y’ = 9%lnZ/4%¢{ is in progress. Calcula-
tions of the low- and high-temperature series for the free energy which will enable us
to locate the tricritical point more accurately and to obtain the full phase diagrams are
also under way.

One of the authors (JO) acknowledges support by the Australian Research Grants
Committee and wishes to thank Dr Franz Rys for helpful discussions.

The other author (RD) wishes to thank Drs E Stanley and E Montroll for their
support, and Dr M Blume for a helpful suggestion.

Appendix

Ml'o = 121’2

My, = 1272—-127°
My, = 1324°

M, = 2648 -276:%

My, = 19873 —4747% +276:5

Mo = 2473+ 1380+

My, = 487° +4128+% ~ 44405

M, 5 = 4873 + 553274 — 1332075 + 775278

My 3 = 247°+3664+% — 1478875 + 1885278 — 77527

My, = 6127% 4140405

M, = 21847% + 542405 — 606367°

Mjy,5 = 26647* +1026967° — 252192+ + 14722877

M, 3 = 2184r% 4 11488875 — 46574476 + 58891277 — 2402528

Mo,4 = 10927% 47071375 —4211137° + 86460677 — 75555078 +- 240252+°

Mg, = 727* +104888+° + 14055675

My, = 4327%+ 5102475 4 6487687% — 7588327

M3, = 7207% 49777675 + 1499292+° — 38984407 + 230907678

M3 = 5767* +964807° +23256967° — 973792877 + 1232697678 — 5012328+°

M 4 = 3607% +732007° +2349120+5 — 1423380077 + 2897742078 —25061640+°
+7895352710

M, 5 = 1447% + 3645675 + 137287278 — 11373132+ + 3314559678 — 45737412+°
+3045082871° — 789535211

Mg, = 315675+ 1497127 + 13934647

M, = 247* +186247° 490492078 + 7322640+7 — 90017888

M, = 72%+ 4563675 +2315556+% + 1910986877 — 539107567 + 32586144+°
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M 5 = 807* + 5605675 + 333585675 + 3472578477 — 161531608+° +208923840+°
— 8552404810

M, 4 = 487* +398167° +29510887° + 4921742477 — 31679149278 + 6479860567°
— 558397224710+ 17499494411

M, 5 = 247* 42361675 +21553207° + 4664551277 — 40229883678 + 11665613527°
— 15933174967+ 1049969664 — 26973916872

My s = 87*+98327° 4+ 106782075 + 2613222277 — 2954091067° + 11431202387°
—220268559471° 4229023677271 — 1232211360712 4- 26973916812
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